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Abstract

Accurate knowledge of satellite orbit errors is essential for many types of analyses. Unfortunately, for two-line elements
(TLEs) this is not available. This paper presents a weighted differencing method using robust least-squares regression for
estimating many important error characteristics. The method is applied to both classic and enhanced TLEs, compared
to previous implementations, and validated using Global Positioning System (GPS) solutions for the GOCE satellite in
Low-Earth Orbit (LEO), prior to its re-entry. The method is found to be more accurate than previous TLE differencing
efforts in estimating initial uncertainty, as well as error growth. The method also proves more reliable and requires no
data filtering (such as outlier removal). Sensitivity analysis shows a strong relationship between argument of latitude
and covariance (standard deviations and correlations), which the method is able to approximate. Overall, the method
proves accurate, computationally fast, and robust, and is applicable to any object in the satellite catalog (SATCAT).

Keywords: Space debris, Error analysis, SGP4 accuracy, Space situational Awareness (SSA), Conjunction analysis,
Pairwise Differencing

1. Introduction

The covariance describing the accuracy of a satellite
state is an important input for exercises, such as conjunc-
tion analysis and re-entry predictions, which are increas-
ingly important for operating in today’s space environ-
ment. Through error propagation the probability of po-
tential collisions can be calculated and a spread of impact
locations and times anticipated. These efforts help signif-
icantly in managing and mitigating the problem of space
debris. As the population of objects in space increases, so
does the need to improve the knowledge of their states and
associated uncertainty.

Two-line elements (TLEs) present the most comprehen-
sive and up-to-date source of Earth-orbiting objects and
are key in many monitoring and analysis activities. De-
spite their importance, they suffer from major drawbacks:
they have limited accuracy, are mis-tagged, miss manoeu-
vres, and perhaps most importantly, lack covariance infor-
mation. Although the TLEs are publicly available, their
input observations and/or fit residuals are not.

TLE differencing, amongst other methods, aims to es-
timate the missing covariance information by propagat-
ing TLEs (using the Simplified General Perturbations 4
(SGP4) model) to a common time and comparing them.
This method presents a simple, robust and fast way of ob-
taining an uncertainty estimate. Although this method
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has been described in literature (Peterson et al., 2001;
Deguine et al., 2002; Osweiler, 2006; Legendre et al., 2006),
its implementation differs greatly, and, moreover, there
is a lack of validation for important orbital regimes and
little investigation into the sensitivity to the parameters
involved.

This paper aims to present an extension of the general
differencing method, offering improvements to increase its
accuracy and robustness. Moreover, the method is demon-
strated to work for both classic and enhanced TLEs and is
validated for the GOCE satellite using Global Positioning
System (GPS) data final phase (no orbit control) before
re-entry. The demanding environment presented by the
very low-Earth orbit (LEO), combined knowledge about
GOCE and an increased availability of TLEs make GOCE
very interesting for this study.

The paper is structured as follows. First, the current
state of differencing techniques is presented in Section 2,
followed by the proposed methodology in Section 3. Next,
Section 4 details the analysis. In Section 5, the results
and validation of the method are presented and discussed.
Lastly, the conclusions are given in Section 6.

2. Background

The lack of uncertainty information of TLEs has initi-
ated numerous studies into the accuracy of TLEs, meth-
ods for estimating their covariance, and improvements to
their accuracy (Vallado & Cefola, 2012). There is a wide
range of methods that allow the uncertainty information
to be estimated. These approaches differ greatly in diffi-
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culty, accuracy and applicability. However, two classes can
be distinguished: methods using only TLEs and meth-
ods relying on additional data. Methods relying on exter-
nal data, such as observations or precise ephemeris (e.g.,
derived from satellite laser ranging (SLR) or GPS), are
not further considered. Unfortunately, such data are not
available for the far majority of objects. Moreover, uncer-
tainties derived for a few objects are hard to extrapolate
across the population or time, due to their dependency on,
amongst others, satellite properties (shape, size, etc.), or-
bit type (semi-major axis, eccentricity, inclination, etc.),
variability of the environment (solar, magnetic flux, etc.),
configuration of the Space Surveillance Network (SSN),
and the models and determination routines of TLEs.

Changes to SGP4 and how TLEs are estimated have
not been made public since the official release of the “Space-
track Report #3” in 1980, leaving users guessing to the
current implementation of SGP4. Since 2013 the way
TLEs are generated has changed significantly for many
objects. TLEs are now fit to pseudo-observations gen-
erated from extrapolated higher-order orbital-theory so-
lutions (Hejduk et al., 2013), as opposed to observations
from the SSN directly. These new TLEs (referred to as en-
hanced TLEs) are found to differ significantly in terms of
errors and behaviour compared to old TLEs (from hereon
classic TLEs), as will be demonstrated in Section 5. A
more obvious distinction between these two types is the
argument of latitude (AOL) associated with their state
at the TLE epoch. The AOL of classic TLEs is around
zero degrees (i.e. at the ascending node) and around 90
degrees for enhanced TLEs.

TLE differencing and TLE fitting only use the TLE
data and are thus applicable to any object for any epoch.
The former technique propagates TLEs to a common epoch
and compares them, while the latter technique treats TLEs
as pseudo-observations from which an orbit is estimated,
usually using a higher-fidelity special-perturbation (SP)
model (Levit & Marshall, 2011; Flohrer et al., 2008, 2009;
Vallado et al., 2013). The benefits of TLE fitting are that
an (improved) initial estimate as well as uncertainty in-
formation is obtained, which is convenient when further
propagation is done using other models than SGP4. Fur-
thermore, it has been demonstrated that both the initial
error and error growth of TLE-derived states is signifi-
cantly reduced compared to original TLE states (Levit &
Marshall, 2011).

TLE differencing methods, on the other hand, are much
simpler and faster: they only rely on SGP4 and require no
external models and orbit-determination routines. More-
over, with the improved accuracy and propagation stabil-
ity of enhanced TLEs the need for different propagation
methods is reduced. Peterson et al. (2001) recommend a
covariance generation (COVGEN) approach by differenc-
ing multiple preceding TLEs with the most forward one.
Deguine et al. (2002) include backward propagation and
note a temporal, and error bias and asymmetry.

The temporal bias is the shift of the epoch of minimum

hp [km] e [-]
0− 0.02 0.02− 0.2 0.2− 0.7

200− 300 30.0 5.4 6.0
300− 400 3.5 2.8 4.8
400− 500 2.4 1.2 4.3
500− 600 1.0 0.6 3.6

Table 1: Position errors in kilometres for one-day predictions as func-
tion of perigee height (hp) and eccentricity (e) identified by Wang et
al. (2009).

error, while temporal asymmetry refers to a difference in
error growth between forward and backward propagation.

This bias was also demonstrated by Doornbos (2011)
(for the CHAMP and GRACE satellites using GPS so-
lutions), showing a clear dependency on the solar cycle
and orbital altitude. Osweiler (2006) presents a detailed
analysis of pairwise differencing and autocorrelation, while
Mason (2009) compares the results against GPS solutions
for the Stella satellite (near-circular 800km orbit). Kelso
(2007) assesses the COVGEN approach using precise e-
phemerides of GPS satellites and shows a good match in
overall characteristics, but notes the importance of reflect-
ing both forward and backward error growth. Legendre
et al. (2006; 2008) called on the work of Deguine et al.
(2002), approximating the distribution as a Gaussian mix-
ture. They mention the critical nature of outlier removal
for data generation and sensitivity of the uncertainty to the
AOL. Wang et al. (2009) present an analysis for many or-
bit regimes and identify that especially near-circular very
low orbits (hp = 200 − 300 km, e = 0.00 − 0.02) pose a
major challenge, due to the importance of drag. Table
1 presents a small subset of the results found during that
study, which demonstrates the difficulty of the aforemen-
tioned regime. Unfortunately, this regime is critical for
(human) spaceflight and re-entering objects.

Despite almost two decades of investigation into TLE-
differencing methods, several issues remain. A major prob-
lem is that the exact implementation of the differencing al-
gorithms differs greatly, often without proper justification
and comparison against previous implementations. The
choice of analysis epoch(s) and the analysis/propagation
window are often not properly justified. Moreover, the im-
plementations have been documented using varying detail,
making it hard to reproduce results in many cases. An-
other major shortcoming is the scarcity of validation stud-
ies. Especially, the absence of validation for LEO is wor-
risome, considering its previously mentioned importance
and difficulty. Moreover, most implementations only con-
sider forward propagation to a single TLE epoch and do
not consider the temporal bias. Furthermore, most stud-
ies consider a single TLE (at zero epoch) as reference, but
especially the presence of a temporal bias sheds doubt on
this practice. Lastly, it has not been investigated how this
method is impacted by enhanced TLEs.
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Figure 1: Schematic overview of TLE differencing method.

3. Methodology

Differencing methods generally propagate states to a
common epoch and compare them to derive error samples.
These methods are unique, as they only use TLE data and
the SGP4 model. By solely relying on publicly available
data this method is applicable to any (non-classified) ob-
ject in the satellite catalog (SATCAT).

Figure 1 shows a schematic overview of the differenc-
ing process. Commonly a certain number of TLEs within
a certain time period are considered at one time (TLEs at
t2, t4 and t7 in the example), which is determined by the
propagation window (dashed line). The choice of prop-
agation window is discussed in Section 3.3. Within this
window the TLEs are propagated to a common differenc-
ing epoch (usually another TLE). In pairwise differencing,
error samples are then obtained by creating pairs of TLEs
at the differencing epoch. The following illustrates this:

ε = xn − xm (1)

where ε is the error sample created by differencing TLEs
n and m, and x is an arbitrary state variable or vector of
variables (discussed in Section 3.1). Note that n could be
any TLE, but often represents the TLE at epoch (not prop-
agated). If n is the TLE at epoch and paired with many
m, n is considered the reference state. This assumption
will be discussed in more detail in Section 3.2. Similarly,
m usually represents any of the propagated TLEs.

TLEs can be propagated both forward and backward
in time (see Section 3.4). In the example the propagation
window is symmetric about the differencing epoch (e.g.,
equal maximum forward and backward propagation time).

To create many error samples, multiple differencing
epochs are considered, for instance epochs t0, t1, . . . , tN
as depicted in Figure 1. As mentioned before, a common
choice is to have the differencing epochs coincide with the
TLE epochs. However, all possibilities will be explored in
Section 3.6.

Next to the value of the ε itself, the propagation time
is another important property of the error to consider.

Throughout the paper this is referred to as the propagation
time or age of the example.

The process is illustrated in Figure 1 and will be ex-
plained in further detail in the coming sections.

3.1. Reference frame
The reference frame for comparison is the RSW frame,

composed of the radial, along-track and cross-track direc-
tions. The RSW frame is a local frame and intuitive for
astrodynamics applications. In this frame, the difference
in position and velocity are computed.

It is important to consider that RSW is a local frame,
as the transformation between the Earth-centered inertial
and RSW-frame depends on the inertial state itself. Equa-
tion (1) can be rewritten to

εRSW = T(xt)xn − T(xt)xm (2)

where T(xt) is the transformation matrix between the in-
ertial and RSW frame, which is a function of the iner-
tial state xt. xt can be any state (either n, m, or some
other state), but it needs to be the same for both matri-
ces in Equation (2). It is intuitive to choose the TLE with
highest (expected) accuracy, but, considering the tempo-
ral bias, it might not be as straightforward as choosing the
nearest TLE.

3.2. Minimum error and reference
The consideration of the reference state in differencing

is difficult, but important. The choice of the reference
state influences the results of the method: directly (the
state xn) and indirectly (through the transformation ma-
trix xt). Previous studies consider the TLE at epoch to be
the reference. This can be generalised to: the TLE that is
closest to the epoch of interest is considered as reference.
Although this is perhaps an intuitive strategy, it is not al-
ways the best. Deguine et al. (2002) already demonstrate
that the epoch of minimum error does not coincide with
the TLE epoch (i.e., there is a temporal bias ∆t?).
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Typical values for ∆t? are in the order of 4-5 hours for
orbital altitudes of 200−300 km (as will be demonstrated)
and 1.5-2.5 days for 400− 500 km Doornbos (2011). Con-
sidering the similar or higher update frequency of TLEs,
this can have a significant affect on any type of analysis.

A proper consideration of a reference epoch must thus
account for this effect. It is proposed that the reference
state is derived as the weighted mean of multiple states si-
multaneously. This method is named weighted differencing
(WD) as opposed to pairwise differencing (PD). Further,
an inversly-quadratic relation of the weights with the time
since the epoch of minimum error is proposed.

wi =
1

(t?i −t0i−t)2 (3)

w̄i =
wi∑

i∈P

wi
(4)

where w̄i is the normalised weight of TLEi, t?i is the epoch
of minimum error (which is unknown), t0i the epoch of
the ith TLE, and t the propagation time since t0i . The
weights are normalised, such that the sum of all weights
equals one for evaluation at each single epoch. The set P
contains all TLEs under consideration, represented by the
propagation window in Figure 1.

As the epoch of minimum error of each individual TLE
is unknown, it is assumed that all TLEs share the same
offset (or shift), such that:

∆t?i = t?i − t0i ≈ ∆t?∀i (5)

Due to this simplification Equation 3 becomes:

wi =
1

(∆?
t − t)2

(6)

The value of ∆t? is dependent mostly on the orbit de-
termination process (fit length, etc.), which differs across
orbital regimes and space-weather conditions (Doornbos,
2011). It is expected that the assumption is valid within
the analysis window.

The reference state and ∆t? are mutually dependent:
∆t? determines the weights and in turn the reference state,
from which error samples are computed, which determine
∆t?. This problem has to be solved iteratively. The ini-
tial guess ∆t? = 0 is proposed as a starting point. The
level of convergence for ∆t? determines the accuracy of
the method. A converging solution was obtained in all
cases. Moreover, solutions were found to converge within
three iterations to below a relative tolerance of ε < 0.01,
which is the criterion used throughout this study.

The weighted reference state can be found using:

xref =
∑
i∈P

w̄ixi (7)

where P includes all states within the current propaga-
tion window. The weighted reference state is then used as

reference in the generation of both the samples and trans-
formation matrices (xt = xn = xref ), such that Equation
(2) becomes:

εRSW = T(xref )xref − T(xref )xm (8)

3.3. Analysis and propagation window
The analysis window, as depicted in Figure 1, is the pe-

riod from which the statistical properties are determined.
The size of the window presents a trade-off. On one hand,
the window should be large enough to allow for enough
data for statistical significance, while on the other hand,
it should be small enough to minimise the influence of
longer-term effects, such as changes due to space weather
(solar cycle) and orbit degradation.

The propagation window is a moving window within
the analysis window. The differencing epoch resides within
it. All TLEs that lie within the propagation window are
propagated to the differencing epoch and compared. The
size of the propagation window again presents a trade-off,
depending on the application and object under considera-
tion. For instance, for LEO objects a much shorter prop-
agation window should be considered than for spacecraft
at higher altitudes. Also the size of the propagation win-
dow can be influenced by manoeuvres. In previous studies
windows up to 40 days have been considered. For very low-
Earth orbits that are heavily influenced by atmospheric
drag, the window could be as short as 4 days.

3.4. Forward/backward propagation
If the differencing epoch coincides with the upper bound

of the propagation window, all considered TLEs precede
the epoch, resulting in only forward propagation.

In general, both forward and backward propagation
should be used. Forward propagation paints only half of
the uncertainty picture. Kelso (2007) rightfully notes this
in his assessment of the COVGEN method. Nonetheless,
many previous studies have not looked at backward prop-
agation. Not including both directions wrongly assumes a
temporal symmetry (lack of bias and equal growth) of the
error. This is false, as the epoch of minimum error does
not coincide with the TLE epoch and the rate of error
growth can differ significantly between backward and for-
ward direction. It is therefore recommended to choose the
differencing epoch at the centre of the propagation win-
dow.

3.5. Modelling error growth
Regression, rather than data binning, is proposed for

the estimation of the error growth from the samples. In
previous studies binning was used. In binning, samples are
collected based on their propagation time. The mean of
the bin is then computed. The size of the bins is depen-
dent on the number of samples and propagation-window
size. Binning assumes no a-priori shape of the error-growth
pattern. Data binning, however, is not recommended for
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continuous problems, as it removes information from the
problem. Moreover, the method is sensitive to the bin size
and outliers. As will be shown, the shape of the error
growth can be easily modelled, so non-parametric meth-
ods are not necessary at this point.

The most common fitting technique is least-squares
regression, of which many variants exist. Essentially, a
model is fit through the data and the sum of squared resid-
uals is minimised. Unfortunately, least squares also suffer
from outliers. Outlier removal can be employed to edit
the data for fitting or binning. A common test uses the
(dimensionless) studentized residual:

ri =
|εi − µε|

σε
(9)

where µε and σε are the mean and standard deviation of
the error samples, respectively. A sample εi is discarded if
the studentized residual is larger than a certain value rmax

(discussed below). The mean µε is included to account
for any bias present. Note that µε and σε were determined
using all data including the outliers. After eliminating the
outliers, these properties need to re-evaluated and the data
retested, until no further outliers are detected.

A typical value of rmax is between 3 and 6 for normal-
distributed data. Moreover, the recommended value of
rmax depends on how far away outliers are expected to
lie from the valid data. Ideally, the value of rmax should
become smaller for each subsequent outlier-removal itera-
tion, as the furthest outliers are removed first. Overal, the
determination of outliers is troublesome and is sensitive to
the choice of rmax.

Instead a robust least squares (RLSQ) method is pro-
posed that is able to handle data with outliers directly.
RLSQ is a form of weighted least-squares (specifically: it-
eratively reweighted least squares), where the weights of
the data depend on their residuals. The residuals are ob-
tained from the fit and are not affected by a bias. Also this
method is iterative, as the residuals determine the weight,
the weight determines the fit, and the residuals result from
the fit. The weighting scheme used is the bi-square weight
function (Rousseeuw & Leroy, 1987):

vi =

{ [
1−

(
εi
k

)2]2 for |εi| ≤ k

0 otherwise
(10)

where vi and εi are the weight and residual of sample i, re-
spectively. The parameter k is commonly a function of the
standard deviation of the data σ. For normal distributed
errors k = 4.685σ is recommended (Rousseeuw & Leroy,
1987).

3.6. Differencing epoch
The choice of differencing epoch has a big influence on

the resulting estimation of the uncertainty. Previously,
mostly TLE epochs have been considered. This is an ob-
vious choice, especially when considering the TLE state at

epoch as reference. However, this strategy results in only a
limited number of differencing epochs (as the TLEs within
the analysis window are usually few). Especially, if the
propagation window is also short, the number of TLEs for
comparison will be small. Moreover, TLEs are usually pe-
riodic, meaning that there will be gaps in the error sam-
ples. Lastly, the choice of the TLE epoch as differencing
epoch seems very arbitrary when considering the tempo-
ral bias.

Therefore, intermediate differencing epochs are gener-
ated, in the case of Figure 1 epochs t1, t3, t5, t6, t7, t9.
The inclusion of intermediate differencing epochs will re-
sult in more samples and a more evenly spaced distribution
of errors.

The choice and spacing of differencing epochs, however,
should be made with care. Legrendre et al. (2008) note
a dependence of the error on the AOL u. As TLE states
commonly share a similar AOL uc, additional differencing
epochs are conservatively chosen at this same AOL too,
such that:

uk = uc + 2πk (11)

where k is such that t0 < tk < tf and uc is the common
AOL of the TLEs within the analysis window [t0, tf ].

The effect of the choice of AOL will be demonstrated in
Section 5.6. However, for now it is assumed that matching
of the AOL to the (majority) of TLEs is the proper choice.

The differencing epoch tk can be derived from the AOL
uk. However, here another issue arises with respect to the
consideration of reference epoch and state. As the AOL is
dependent on the state itself, many states propagated to
the same epoch will slightly disagree on the exact AOL.
Similarly, all TLEs within the propagation window prop-
agated to have the exact same AOL, will slightly disagree
about the current epoch ti. Therefore, the true differenc-
ing epoch tk is obtained as a weighted mean of all epochs
ti at the AOL uk:

tk =
∑
i∈P

w̄iti (12)

Practically, this results in the AOL becoming the in-
dependent variable for this exercise and time dependent.
However, as the SGP4 propagator takes time steps as an
argument, a simple bisection rootfinding scheme is em-
ployed to find tk = f(uk).

The result of this is a series of differencing epochs, for a
given analysis period and desired AOL. For a typical LEO
satellite, this results in about 16 differencing epochs each
day, as opposed to only 1-2.

4. Experimental set-up

In this section the details of the analysis are discussed.
First, the proposed object of interest is introduced, fol-
lowed by the periods considered and windows chosen. Next,
statistical techniques and metrics are discussed. Finally,
the analysis cases are introduced.
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4.1. Object
For the analysis ESA’s Gravity field and steady-state

Ocean Circulation Explorer (GOCE) is considered. GOCE
was a geodynamics and geodetic mission launched on 17
March 2009 and re-entered on 11 November 2013 1. This
object is interesting for many reasons.

GOCE’s orbit is unique: it was in a very low near-
circular orbit of only hp = 227 km and e = 9× 10−4.
Therefore, the orbit was heavily influenced by atmospheric
and gravitational disturbances. Even within the LEO regime,
this orbit can be considered an extreme case, as illustrated
by Table 1.

Second, precise orbits derived from GPS observations
are widely available throughout the mission, against which
the method can be validated.

Third, because of GOCE’s high interest, it was tracked
frequently during its mission. During the re-entry phase,
the release frequency of TLEs even doubled from ∼2 to
∼4 per day.

4.2. Analysis window
GOCE low altitude orbit was maintained using a con-

tinuous-thrust ion-propulsion system, enabling a “drag-
free” operational mode. The decay of the satellite started
when the Xenon fuel was depleted early in the morning of
October, 21, 20132. The TLEs of the decay phase to re-
entry are analysed: from October, 21, 2013 to November,
11, 2013. The analysis window is thus 21 days. A moving
propagation window of four days (±2d) is assumed.

TLEs are propagated to the argument of latitude (AOL)
corresponding to the TLE set, such that samples are cre-
ated every orbit.

4.3. Statistical techniques
Different estimation techniques for the error growth are

compared. The traditional binning technique is compared
to regression techniques. Several regression models and
techniques are used. Unfiltered and filtered data (with
outliers removed) are used to highlight differences between
regular and robust methods.

The binning method is used to group together TLEs
of a similar propagation time. The propagation window is
subdivided into 15 bins of 6.4 hours (or roughly 4 orbits).
Polynomials are used as models of the errors and uncer-
tainty:

p(ε) =

k∑
n=0

cnε
n (13)

where k is the degree of the polynomial.

1http://www.esa.int/Our_Activities/Observing_the_Earth/
GOCE/Facts_and_figures, accessed: August, 17, 2016

2https://directory.eoportal.org/web/eoportal/
satellite-missions/g/goce, accessed: August, 17, 2016

The errors in the RSW frame are modelled as a multi-
variate (correlated) normal distribution (MVN). Moreover,
even through propagation the errors are assumed to re-
main MVN within the propagation window considered.
Such a distribution is fully defined by the covariance ma-
trix. For very high levels of uncertainty (e.g., resulting
from long propagation times), the errors tend to exhibit
a banana shape distribution instead of a spheroid. It is
therefore important to properly evaluate the validity of
the MVN assumption.

Correlation matrices are reported instead of covariance
matrices. Although covariances are often reported in lit-
erature and are a common format for analyses, it can be
difficult to infer the strength of a dependency when the
magnitudes and units of variances of the respective vari-
ables differ.

The joint distributions are also graphed, to fully assess
the assumption of linearly-correlated multi-variate normal
distributions. Margins will be plotted using Kernel density
estimation, providing a continuous, but non-parametric
model for distributions.

4.4. Cases
The analyses is divided into a number of test cases,

to demonstrate/benchmark (various) aspects of the meth-
ods, provide validation, and analyse the sensitivity of the
method. Each test case is represented by a seperate sec-
tion is in Section 5. A brief overview of the different cases
with a short description and rationale is given below.

1. Overview of data: general overview of the TLE data.
Analysing frequency, count, and epochs of TLEs for
the analysis window and dates prior. Providing in-
sight into relationship TLEs and AOLs.

2. Error growth and minimum error: demonstrating
temporal bias/asymmetry of TLE error growth using
the absolute position error. The error data are con-
structed from comparison with GPS states. These
data are estimated, to benchmark different statis-
tical techniques. Robust regression is compared to
binning and traditional regression methods.

3. Error growth in RSW components: robust regression
is applied to each of position and velocity compo-
nents, to demonstrate a good fit for all components
and different model orders necessary.

4. Weighted differencing: weighted differencing is com-
pared against pairwise differencing in terms of accu-
racy using GPS data for both enhanced and classic
TLEs. Several (sub)tests are performed. First, the
initial uncertainty is estimated. Second, the error
and uncertainty growth are estimated. Third, the
temporal bias is estimated.

5. Correlations: next to the uncertainty of various com-
ponents, the correlations between them are impor-
tant. The correlations are estimated using the ro-
bust weighted differencing technique and compared
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Figure 2: (top) Overview of TLEs as a function of longitude and
latitude (top) and frequency of TLEs per day (bottom), where cTLEs
can be differentiated by the outline of (part of the) bars.

with GPS. Together with Case 3, the covariance ma-
trix is now fully defined.

6. Covariance sensitivity: the sensitivity of the covari-
ance (standard deviations and correlations) to the
AOL is investigated to gain insight into TLE uncer-
tainty and the importance of the choice of differenc-
ing epoch.

5. Results and discussion

The results of the analysis for each of the different cases
are presented in the following sections.

5.1. Overview of data
The map in Figure 2 gives an overview of the TLEs as

a function of latitude and longitude at the TLE epoch for
a period of 42 days: 21 days for analysis and 21 days prior.
The color of each marker corresponds to the date.

The bar plot show the number of TLEs for each day,
the bars simultaneously function as a colorbar, relating
the color of the markers to the date. The begin of the
analysis window is marked by the vertical blue line. Bars
that are (partly) outlined in black indicate the portion of
TLEs associated with the ascending node (latitude ∼ 0◦).

The first thing to note is that the analysis window con-
tains almost twice the number of TLEs (101 versus 52).
Second, it can be seen that almost all TLEs prior to Oc-
tober, 21, 2013 have a high latitude (∼ 90◦), after which
there is an equal mix of TLEs associated with u ≈ 0◦ and
u ≈ 90◦ (50 versus 51, respectively).

As the number of TLEs is nearly doubled and mixed in
latitude, three assumptions are made. First, the additional
TLEs are a result of additional tracking by Joint Space
Operation Center (JSpOC) of GOCE during the re-entry
phase. Second, these trackings result in TLEs with a dis-
tinct AOL. Third, the additional TLEs are of the classic
type.

The latter suggests a mix of 50 classic TLEs and 51
enhanced TLEs for this period. This presents a unique
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Figure 3: Benchmark of different methods for estimating the error
and (3σ) uncertainty of the TLE propagation errors of Period 1a.

opportunity to analyse these two types simultaneously for
the same period.

5.2. Error growth and minimum error
The analysis of error growth provides a number of inter-

esting insights: it can be used to demonstrate the presence
of temporal bias and asymmetry, but also practically indi-
cate when the TLE is on average the most accurate and,
lastly, provide insight into the orbit determination process.

Figure 3 shows the position errors of propagated TLEs
with respect to GPS solutions as a function of the prop-
agation time as scattered data (blue markers). For this
result only the enhanced TLEs (eTLE) are shown. It is
remarkable that the minimum error is shifted ahead of the
TLE epoch. The same analysis for classic TLEs (cTLEs)
shows an opposite backward shift (as will be shown in Sec-
tion 5.4), which is consistent with results from previous
studies. This further confirms the difference between the
two types.

The forward shift of the minimum (temporal bias) can
be explained by the orbit-determination process of eTLEs,
where future pseudo-observations are generated from using
SP orbit determination and propagation.

It can further be seen that the forward error grows
much more gradual than backwards growth. This peculiar
shape can also be explained by the fitting process. Like for
cTLES, a quadratic error growth is expected. However,
(part of) the pseudo-observations are derived from propa-
gated states, which themselves are subject to error growth
(due to limited predictive abilities). As a result the point
of minimum error is actually shifted backwards (while re-
maining positive) from where one would expect it. This,
perhaps counter-intuitively, results in a more gradual for-
ward slope, as the error growth is a superposition of the
uncertainty resulting from two separate sources.

The different estimation models are plotted as solid
lines. A data/method naming scheme is used to differ-
entiate the combinations. The data is split into data with
outliers removed (D) (criterion rmax = 3) and data with
outliers (DO). Therefore, methods starting with DO use
unedited data. The methods used are (robust) least-squares
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regression (R)LS and data binning (BIN). The uncertainty
bounds are also estimated using the different techniques
and shown as the solid filled areas enclosed by dashed lines
of the same color.

The DO/LS serves as a benchmark for other methods
and clearly performs worst. Only the error fit is shown,
the resulting uncertainty was not plotted as it would fill the
entire window. Data binning without outliers (not shown),
similarly performs badly. This confirms the importance of
data filtering for this type of analysis, as noted by Legendre
et al. (2006).

Next, the two methods using filtered data D/LS and
D/BIN provide comparable results as well. D/LS produces
a more smooth result and shows better behavior at the
boundaries. Not only does it produce a continuous solu-
tion, but the solution is also more smooth, whereas D/BIN
commonly suffers from jumps between adjacent bins.

The effectiveness of the robust variant is demonstrated
when comparing D/LS and DO/RLS. It is expected that
with careful tuning the D/LS (D/BIN) results can be im-
proved. However, this is undesirable as it is very sensitive
and dependent on the data.

Note that the orbit under consideration is very de-
manding, especially for Period 1 (orbit decay). Moreover,
data outside the main band clearly forms streaks, which is
due to a few bad TLE solutions. Another approach would
therefore be to first identify and remove outlying TLEs.
Doing so however, requires more statistical tests and tun-
ing of parameters.

Overall, a number of observations stand out:

• a temporal bias shifts the epoch of maximum ac-
curacy either forward or backward from the TLE
epoch;

• the temporal asymmetry is much more pronounced
for the enhanced TLEs, reducing the backward prop-
agation stability significantly;

• the above effects are present in both classic and en-
hanced TLEs, but opposite/different in nature;

• robust least-squares regression using the polynomial
models is able to capture the growth well, requiring
no outlier removal of error samples and/or TLEs.

5.3. Error growth of RSW components
In the previous section the modelling of the absolute

position error was investigated. Commonly, both the po-
sition and velocity error are analyzed in their radial, along-
track and cross-track components. The absolute position
and velocity errors are dominated by the along-track po-
sition and radial velocity error, respectively. Due to the
strong linear relationship between these two components,
the errors in these components and the absolute errors will
be very comparable. Therefore, a good fit is expected for
these components. However, the goodness of fit of the re-
maining components remains to be demonstrated.

Degree Degree
Error Residual Error Residual

r 3 2 v 3 2
rR 3 2 vR 3 2
rS 3 2 vS 3 2
rW 1 1 vW 2 1

Table 2: Overview of error regression modelling degree.

Figures 4 and 5 show the results of the regression fit
using the TLE errors with respect to the GPS reference
states in all components.

It can be seen that the behavior is significantly differ-
ent per component. The top-left plots show the absolute
position and velocity, respectively.

The contributions by the along-track position (bottom
left) and radial velocity (top right) are evident. Moreover,
the similarity between these two and the absolute errors
are evident. These components also show the strongest
growth in error. Therefore, these component should re-
ceive the highest priority in assessing the performance of
the method. There is great similarity between these two
(their correlation is discussed later) and the total position
error, so previous conclusions apply here too.

The radial position and along-track velocity errors are
also comparable and show a complex curvature and a min-
imum uncertainty beyond the minimum total error. Al-
though error growth is visible, it is not nearly as strong as
for the previously discussed components.

The cross-track error of both position and velocity dem-
onstrates a near-constant uncertainty and follow a simple
mean trend (linear and quadratic, respectively). There is
hardly any growth on this time scale.

It was assumed that the uncertainty bounds of the er-
ror are symmetric about the mean (e.g., equal distance of
the lower and upper bound to the mean). It can be seen
that this assumption is reasonable, except for the cross-
track velocity error. The errors are clearly more concen-
trated above the mean. The exception is ignored due to
the resulting overestimation of the upperbound and minor
influence of this component on the overall error.

From these results it is obvious that the degree of the
regression model of each component has to be carefully
selected. As a general rule-of-thumb, the error uncertainty
is modelled as an order less as the error trend. Table 2
gives an overview of the degree of the regression models
used.

Note that a third-degree fit is enough to model all er-
rors. It was found that for classic TLEs for some compo-
nents the degree could be reduced further. However, this
minimum degree was not further looked into.

Overall, the method is also able to accurately estimate
the error and uncertainty growth of the individual RSW
components. The following additional conclusions can be
drawn:
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tainty bounds decomposed in the RSW frame.
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σrR σrS σrW σvR σvS σvW

[km] [km] [km] [ms−1] [ms−1] [ms−1]
Enhanced
G 0.19 2.1 0.18 2.4 0.21 0.15
P 0.068 1.6 0.028 1.9 0.08 0.036
W 0.089 2.4 0.033 2.9 0.11 0.018

Classic
G 0.39 4.4 0.19 5.3 0.44 0.25
P 0.44 6.6 0.22 8.0 0.39 0.20
W 0.46 6.2 0.14 7.6 0.46 0.13

Table 3: Initial standard deviation of errors at TLE epoch, derived
from GPS (G), pairwise (P), and weighted (W) differencing.

• the error trend and growth are completely dominated
by the along-track position and radial velocity com-
ponents;

• varying orders of polynomial regression models are
able to estimate error trends and growth for all com-
ponents.

Next, the ability of the method to estimate this from
differenced TLE data is investigated.

5.4. Weighted differencing
Table 3 shows the standard deviation of the error at

the TLE epoch. It can be seen that both methods are
fairly close to the truth. The largest differences are in
the uncertainty in the cross-track state. This confirms
findings by Kelso (2007) in estimating the error (growth)
in this component. Fortunately, the error is smallest and
most stable in this direction. Differences in rW and vW
will therefore not be discussed further.

For the remaining components, the next largest dif-
ference is in the radial position and along-track velocity
for eTLEs. These two components are underestimated by
about 50%. In both cases WD performs about 25% bet-
ter. Still the difference with the GPS results is not small.

Nonetheless, the error in these components are still quite
small compared to the absolute error (about 8%). For
cTLEs the results are closer and more favorable. The ra-
dial position the uncertainty is 12 − 15% overestimated,
while the along-track velocity is underestimated by 10%
only by PD.

The two major components (along-track position and
radial velocity) show better results. Especially for WD,
which conservatively overestimates each component for each
type of TLE. PD on the other hand underestimates the er-
rors for eTLEs by 25%, while overestimating (more than
WD) for cTLEs. Overall, the results are can be consid-
ered acceptable, but not exact, depending on the analysis.
It has to be restated that the data is very noisy. Better
results are expected for different orbital regimes.

Figures 6 and 7 show the error growth of the along-
track position, estimated using the previously selected ro-
bust regression method for GPS and the standard (PD)
and improved (WD) estimation methods for enhanced and
classic TLEs, respectively. The error is plotted as the solid
line, while the uncertainty (lower and upper) is shown us-
ing dashed lines of the same color. PD, here, should not
be confused with previous implementations (which used
binning), as regression was applied to all data sets in this
comparison. The difference between binning and regres-
sion was previously demonstrated. Moreover, recall that
the absolute position, absolute velocity, along-track posi-
tion, and radial velocity produce nearly identical results.

The figure highlights the similarity between PD and
WD, and the good match with GPS data. This further
demonstrates the capabilities of the RLS regression method.
For enhanced TLEs, the error and bounds of GPS and WD
match almost exactly. For classic TLEs the bounds of WD
lie outside the GPS bounds, which is of course favorable.

Moreover, it can be seen that both methods are able to
estimate the temporal bias well. Table 4 gives an overview
of the exact figures of the temporal bias as obtained from
the minimum absolute position error. As RLS provides
a continuous parametric solution, the minimum point is
easily found through differentiation. The magnitudes of
the bias are more than 6 and 4 hours for eTLEs and cTLEs,
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Figure 6: Comparison of fit of the along-track position error and
uncertainty for enhanced TLEs.
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Figure 7: Comparison of fit of the along-track position error and
uncertainty for classic TLEs.

GPS PD WD
[min] [min] [min]

Enhanced 375.3 314.2 372.1
Classic −258.8 −292.2 −251.3

Table 4: Temporal bias estimates using different methods.

respectively. Considering the update frequency of several
times per day this is quite significant. Especially in the
case of eTLEs it is thus common for older TLEs to be
more accurate now when propagated than more recently
released TLEs. It has to be noted that for the majority of
objects and also the period preceding re-entry, the update
frequency is lower (e.g., twice per day).

Both WD and PD are able to estimate the sign and
magnitude satisfactory. Especially WD is almost spot on
for eTLes and off by about 3% for cTLEs.

Comparing enhanced and classical TLEs, it can be seen
(Table 3) that overal the enhanced TLEs are much more
accurate, having an uncertainty of roughly half across all
components. Moreover, the uncertainty growth in forward
propagation is reduced significantly. This clearly demon-
strates the improved process of generation of enhanced
TLEs. Their reduced accuracy and sharp growth in back-
wards propagation should be minded for applications that
rely on this, such as splicing, where a (near) continuous
state solution is created by combining the results from a
series of TLEs.

This shows that:

• both methods are able to estimate the error uncer-
tainty at TLE epoch reasonably well;

• WD perform better and tends to overestimate the
uncertainty for the most important components;

• the error growth is much better approximated than
the instantaneous uncertainty;

• the temporal bias is of the same order as the mean
update interval;

• WD is able to very accurately estimate the temporal
bias.

Next, the correlations between the components are an-
alyzed.

5.5. Correlations
Thus far only the errors and uncertainty have been

analysed for all position and velocity components. How-
ever, these components are highly related. Such a strong
correlation was demonstrated (in Figures 4 and 5) between
the along-track position and radial velocity, and radial
position and along-track velocity. To complete the un-
certainty model, the correlations have to be taken into
account. For analyses, like error propagation and sam-
pling, these relations can have a significant influence on
the outcome.

Figures 8 and 9 show joint and marginal distributions
of the MVN distribution for enhanced and classic TLEs
respectively. The marginal distributions are shown on the
diagonal and are visualized using kernel density estima-
tion. The joint distributions are shown as scattered data
at the non-diagonal positions. The GPS and WD results
are shown in blue and red, respectively. Note that each
joint distribution is shown twice, as it remains identical
when axes are switched. Thus only the joint distributions
on one side of the diagonal need to be considered.

The first thing to note is that WD is able to estimate
correlations for both TLE types. Visually it can be ar-
gued that for classic TLEs the best overlap with the GPS
data is obtained. However, this does necessarily hold true,
as will be demonstrated shortly. For enhanced TLEs the
WD results show narrower bands overlapping the GPS re-
sults for most combinations. This, however, does not affect
the correlations. The cause is attributed to narrow mar-
gins, which indicate underestimation of the radial position,
along-track velocity and both cross-track components (di-
agonal positions 1, 3, 5 and 6). Moreover, the margins of
the along-track position and radial velocity (diagonal po-
sitions 2 and 4) are properly estimated. This again con-
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firms the results of the standard deviations as presented
in Table 3.

The strong correlations between the along-track posi-
tion and radial velocity, and radial position and along-
track velocity, are approximated well for both TLE types.
They present the only strong correlations present in both
GPS- and weighted-differenced data.

Lastly, the WD distributions tend to have stronger cen-
tral peaks in the marginals, but nonetheless the distribu-
tions appear symmetric and approximately Gaussian.

The actual values of the estimated and true correla-
tion matrices are shown in Tables 5 and 6. The top half
presents the correlation matrix obtained using GPS differ-
enced TLEs, while the bottom half presents the correla-
tions found through weighted TLE differencing.

For enhanced TLEs, looking at Table 5, it can be seen
that the variables that are only very weakly correlated
(values below ±0.10), the correlations tend to be overesti-
mated on average by a factor 3-4. At the same time the
relationship between the radial position and along-track
velocity is underestimated by 30%. The inverse relation-
ship between the along-track position and radial velocity,
however, is spot on. Lastly, although the magnitudes could
be estimated better, it is important to note that the sign
of the correlation is always estimated correctly (with the
exception of ρrW ,vW ). This seems to indicate that correla-
tion information could be potentially recovered from TLE
data alone.

For classic TLEs, looking at Table 6, similar conclu-
sions can be drawn. The magnitudes of (weak) correla-
tions are overestimated, while the very large ρrR,vS is un-
derestimated significantly. Unlike previously, the signs of
the weaker correlations are not even estimated correctly.

From this it has to be concluded that:

• correlations are difficult to estimate, where eTLEs
show better behavior than cTLEs;

• no very strong (false) correlations were introduced
nor correlations present ignored by the method.

Combining Tables 3, 5, and 6, the covariance matrix is
now fully defined. This information is important input
to many types of error analyses, such as collision avoid-
ance (COLA) and entry-point predictions (Ronse & Mooij,
2014). Note that also for the uncertainty the estimation
at epoch proved slightly worse than the estimation of the
growth. This clearly indicates a sensitivity at the TLE
epoch, where values are small and switch sign. Therefore,
the sensitivity of the correlations is investigated further in
the next section.

5.6. Covariance sensitivity
Intermediate propagation epochs were introduced to

create a more evenly distributed set of error samples. It
was chosen to generate samples at fixed positions in the
orbit, rather than a fixed time interval, to eliminate any
effect this might have on the error. In this section the sen-
sitivity of the error as a function of AOL is investigated.

Figure 10 shows the standard deviation of the position
and velocity samples in the RSW components and their
correlation coefficients. This analysis has been performed
for both types and results were found to be similar. Pre-
viously, the classic TLEs showed worst results for the es-
timation of the correlation coefficients. Hence the results
for this type are shown. The standard deviations are nor-
malised with their maximum magnitude for each compo-
nent. The plot shows both GPS (solid lines) and weighted
TLE differenced (dashed lines) solutions. The cross-track
components are not shown. As for previous exercises, TLE
differencing could not be used to obtain satisfactory ap-
proximations of these components.

First, the amount of variation of both correlation and
uncertainty is quite striking. A variation in uncertainty
of more than 35% can be observed in the radial position
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GPS rR rS rW vR vS vW

rR 1.00 0.08 0.06 -0.11 -0.93 -0.16
rS 0.08 1.00 -0.09 -1.00 0.05 -0.08
rW 0.06 -0.09 1.00 0.08 -0.11 -0.17
vR -0.11 -1.00 0.08 1.00 -0.03 0.10
vS -0.93 0.05 -0.11 -0.03 1.00 0.14
vW -0.16 -0.08 -0.17 0.10 0.14 1.00
WD rR rS rW vR vS vW

rR 1.00 0.33 0.05 -0.34 -0.67 -0.49
rS 0.33 1.00 -0.56 -1.00 0.01 -0.34
rW 0.05 -0.56 1.00 0.56 -0.58 0.27
vR -0.34 -1.00 0.56 1.00 -0.01 0.35
vS -0.67 0.01 -0.58 -0.01 1.00 0.07
vW -0.49 -0.34 0.27 0.35 0.07 1.00

Table 5: GPS (top) and weighted (bottom) differenced derived cor-
relation matrices for enhanced TLEs.

GPS rR rS rW vR vS vW
rR 1.00 0.04 0.25 -0.02 -0.98 0.06
rS 0.04 1.00 0.04 -1.00 -0.09 -0.11
rW 0.25 0.04 1.00 -0.04 -0.30 0.00
vR -0.02 -1.00 -0.04 1.00 0.07 0.12
vS -0.98 -0.09 -0.30 0.07 1.00 -0.03
vW 0.06 -0.11 0.00 0.12 -0.03 1.00
WD rR rS rW vR vS vW

rR 1.00 -0.06 -0.13 0.06 -0.63 -0.22
rS -0.06 1.00 0.12 -1.00 0.01 -0.12
rW -0.13 0.12 1.00 -0.13 0.13 -0.07
vR 0.06 -1.00 -0.13 1.00 -0.01 0.13
vS -0.63 0.01 0.13 -0.01 1.00 0.16
vW -0.22 -0.12 -0.07 0.13 0.16 1.00

Table 6: GPS (top) and weighted (bottom) differenced derived cor-
relation matrices for classic TLEs.
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Figure 10: Uncertainty and correlation of classic TLEs as a function
of AOL for GPS (solid lines) and weighted differenced (dashed lines)
results. Legend entries are sorted to corresponding value at AOL =
0◦.

and along-track velocity. Similarly, the along-track posi-
tion and radial velocity vary significantly in uncertainty
throughout the orbit.

For the correlation the case is perhaps even more vari-
able. Correlations between most variables change from
moderately correlated to uncorrelated and even switch sign,
depending on the position in the orbit. These (estimated)
correlations should be used with caution.

Secondly, these trends and extrema are captured rela-
tively well using WD. The most notable deviation is the
correlation between radial position and along-track veloc-
ity. The true correlation (almost 1) is underestimated by
almost 35%, as already demonstrated by Table 6. Al-
though the match between GPS and WD seemed very poor
judging from this table, the right plot of Figure 10 tells a
different story.

A clear distinction between weakly and strongly cor-
related variables is present. The first class seems to vary
significantly, change sign and average out over one orbit.

The strongly correlated variables are almost invariant to
the AOL.

Lastly, it is interesting to note that the enhanced TLEs
are commonly reported at around the ascending node. The
uncertainty in the components is much lower there. De-
tailed analysis between enhanced and classic TLEs should
take this into account.

Overall, the following can be concluded:

• uncertainty and correlations vary greatly throughout
the orbit;

• the trend of the correlations is captured rather well,
despite the poor instantaneous estimation;

• the correlation between radial position and along-
track velocity is underestimated, regardless of argu-
ment of latitude.

6. Conclusions

Enhanced TLEs offer improved uncertainty and error-
growth properties. Even after the switch to enhanced
TLEs the classic type remain in use, likely for additional
tracking purposes. It is, however, simple to distinguish
between the two in the presence of a mix by looking at the
AOL.

The presence of a temporal bias was demonstrated and
found to be of the order of the TLE update interval. More-
over, an asymmetry between forward and backward prop-
agation was demonstrated. Both effects can have great
influence on the propagation errors. This holds true espe-
cially considering their complete opposite nature in classic
and enhanced TLEs. It is paramount to take these effects
into account for any application relying on propagation of
TLEs using SGP4, such as stitching TLEs for creating a
continuous state-time solution.
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Even for applications that employ the state at TLE
epoch, it can be beneficial to consider the temporal bias
and evaluate the state at the epoch of minimum mean error
instead.

Robust least-squares regression was proposed as an al-
ternative to data binning. This method has been shown
to provide a continuous solution. This allows easy evalu-
ation of the temporal bias. Moreover, it handles unedited
data very well, reducing the need for TLE and data prun-
ing and tuning of parameters. Furthermore, component-
error analysis has shown that this approach extends well
for all position and velocity components.

TLE differencing can accurately estimate important er-
ror characteristics, like the temporal bias, error uncer-
tainty and growth. Even correlations can be estimated
to some degree. The correlations seem very sensitive to
variations in argument of latitude. This is likely true for
other parameters. Nonetheless, there is a clear distinction
between strong and weakly correlated variables. The for-
mer vary and average out over one orbit, while the latter
remain invariant.

Weighted differencing was compared against pairwise
differencing. WD uses temporal bias information to de-
termine the reference state. It has been shown to perform
better than PD on all exercises. Especially the consis-
tent (marginal) overestimation of major error components
makes the technique favorable.

In conclusion, weighted differencing method using ro-
bust least-squares regression was proposed to improve pre-
vious TLE differencing methods. The proposed method
was shown to be superior on all tests, consistently pro-
viding better approximations of the GPS differenced solu-
tions.

The method is validated for the GOCE sattelite during
the period of investigation. Due to the low orbital altitude
and increased TLE-update frequency further investigation
is necessary in order to extend these conclusions to LEO
in general. However, even for lower TLE-update rates, the
method is expected to still perform satisfactorily, due to
the intermediate evaluation epochs and the resulting near-
continuous error data in time. Also, considering that the
orbit considered presents a limit case in many respects, it
is expected that the method will perform well in orbits in
which errors are less.

The method is useful for the error analysis of a set of
TLEs itself and in providing uncertainty input for other
types of analysis. The method is computationally fast,
can be applied to any object in the SATCAT, and deals
well with noisy data. It is thus very suitable for demand-
ing applications, such as conjunction analysis, that require
frequent and fast processing for a large number of objects.
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